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Abstract
We study the notion of dual quasisemigroups of bounded linear operators as a generalization of
that for strongly continuous semigroup and prove some properties similar to the dual of a semigroup,
among other things we prove that for reflexive Banach spaces the dual quasisemigroup is strongly
continuous on (0,+∞). This allows us to extend some recent criteria of controllability to a general
class of evolution equations in reflexive Banach spaces.
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Introduction
Peichl and Schappecher [12] obtained null controllability results for reflexive Banach
spaces, the key to get these results is that in reflexive spaces all semigroup has dual strongly
continuous see [9,10,13]. Papageorgiou [11] obtained similar results to those of Peichl
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continuous.
Bárcenas and Diestel [2], generalize the results of Peichl and Schappecher [12] to the
case where the dual semigroup is strongly continuous in general Banach space; which
allow them to apply this result to important partial differential equations in nonreflexive
Banach spaces.
Bárcenas and Leiva [3] generalize simultaneously the findings of Peichl and Schap-
pecher [12], Papageorgiou [11], and Bárcenas and Diestel [2] by showing that the same
approaches of null controllability are valid for systems governed by strongly continuous
evolution operators with strongly continuous dual evolution operators in (0,+∞).
The work of Bárcenas and Leiva [3] find a natural application presently, since when X
is a reflexive spaces it is possible to associate to the evolution operator a quasisemigroup
[4], its dual quasisemigroup turns out to be strongly continuous in (0,+∞); in which case
their results are applied. Novelties of the work is that for reflexive Banach spaces the dual
of strongly continuous quasisemigroup is strongly continuous in (0,+∞); which in our
opinion it is important by itself because on one hand, and it is hard to say anything about
the continuity of the dual evolution operator; since its easy to prove that commutative
evolution operators have associated a strongly continuous quasisemigroup; on the other
hand, the continuity of the dual quasisemigroups in (0,+∞) allow us to study the null
controllability of partial differential equations governed by quasisemigroup, by applying
the general results gotten by Bárcenas and Leiva [3].
Finally, using the strong continuity the dual quasisemigroup we give a necessary and
sufficient conditions for the controllability of a large class of evolution equations.
More information about quasisemigroup can be found in [4].
1. Quasisemigroups of operators
Definition 1.1. Given a Banach space X, by L(X) we denote the space of all bounded
linear operators from X to X. A bi-parametric family of bounded linear operators
{K(t, s)}t,s0 ⊂ L(X) is called commutative if it satisfies:
K(r, t + s) = K(r + t, s)K(r, t) = K(r, t)K(r + t, s).
A commutative family {K(t, s)}t,s0 is called Strongly Continuous Quasisemigroup if it
satisfies:
(i) K(t,0) = I (t  0) (I is the identity operator in L(X)).
(ii) K(r, t + s) = K(r + t, s)K(r, t) (r, s, t  0).
(iii) lim(t,s)→(t0,s0) ‖K(t, s)x0 −K(t0, s0)x0‖ = 0 (x0 ∈ X).
(iv) There exists a continuous and increasing function M : [0,+∞) → [1,+∞) such that∥∥K(t, s)∥∥M(t + s) for every t, s  0.
Proposition 1.2. Let K(t, s) be a strongly continuous quasisemigroup on a Banach
space X. Then
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(b) K(r, t + s) = K(r + t, s)K(r, t).
(c) lim(t,s)→(t0,s0) K(t, s)x = K(t0, s0)x (x ∈ X), in the weak star topology of X.
(d) ‖K(t, s)‖M(t + s).
Proof. (a) K(t,0) = I  (t  0).〈
K(t,0)x, x
〉= 〈x,K(t,0)x〉= 〈x, x〉 (x ∈ X, x ∈ X).
Thus,
K(t,0)x = x 
⇒ K(t,0) = I .
(b)
〈
K(r, t + s)x, x〉= 〈x,K(r, t + s)x〉= 〈x,K(r + t, s)K(r, t)x〉
= 〈K(r + t, s)x,K(r, t)x〉= 〈K(r, t)K(r + t, s)x, x〉
= 〈K(r + t, s)K(r, t)x, x〉 (x ∈ X, x ∈ X),
hence
K(r, t + s) = K(r + t, s)K(r, t).
(c)
〈
K(t, s)x −K(t0, s0)x, x
〉= 〈(K(t, s)−K(t0, s0))x, x〉
= 〈(K(t, s)−K(t0, s0))x, x〉
= 〈x, (K(t, s)−K(t0, s0))x〉.
Taking limit when (t, s) → (t0, s0), we obtain
K(t, s)x → K(t0, s0)x,
in the weak star topology.
(d)
∥∥(K(t, s)x)(x)∥∥= ∥∥xK(t, s)x∥∥ ‖x‖∥∥K(t, s)∥∥‖x‖
 ‖x‖‖x‖M1(t + s).
Making M(t + s) = ‖x‖‖x‖M1(t + s), obtains the result. 
Definition 1.3. The function K(t, s) of the Proposition 1.2 is called the Dual Quasisemi-
group of K(t, s).
In general, K(t, s) is not strongly continuous, however, the following theorem is true
which, incidentally, together with Corollary 1.5 becomes the main results of the paper.
Theorem 1.4. If K(r, t) is weakly continuous, then for each r > 0 the function K(r, ·) is
strongly continuous in (0,+∞).
Proof. Let r > 0 be fixed and let us define the following function
x(t) = K(r, t)x0 (t > 0).
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by Proposition 4 of [1], x(t) is Bochner integrable.
Let be ξ > 0 and let us consider 0 < α < η < β < ξ −  < ξ , with  > 0.
Now
x(ξ) = K(r, ξ)x0 = K
(
r + ξ − (ξ − η), ξ − η)K(r, ξ − (ξ − η))x0
= K(r + η, ξ − η)K(r, η)x0 = K(r + η, ξ − η)x(η).
Since the left side is independent of η, it is integrable on [α,β], therefore,
β∫
α
x(ξ) dη =
β∫
α
K(r + η, ξ − η)x(η)dη.
Then
(β − α)x(ξ) =
β∫
α
K(r + η, ξ − η)x(η)dη,
also
(β − α)x(ξ ± ) =
β∫
α
K(r + η, ξ ±  − η)x(η)dη.
Now,
(β − α)[x(ξ ± )− x(ξ)]
=
β∫
α
[
K(r + η, ξ ±  − η)−K(r + η, ξ − η)]x(η)dη
=
β∫
α
K(r, η)
[
K(r + η, ξ ±  − η)−K(r + η, ξ − η)]x0 dη.
Having the change s = ξ − η, we have
(β − α)[x(ξ ± )− x(ξ)]
= −
ξ−β∫
ξ−α
K(r, η)
[
K(r + η, s ± )x0 −K(r + η, s)x0
]
ds
=
ξ−α∫
ξ−β
K(r, η)
[
K(r + η, s ± )x0 −K(r + η, s)x0
]
ds.
Therefore
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M(r + β)
ξ−α∫
ξ−β
∥∥K(r + η, s ± )x0 −K(r + η, s)x0∥∥ds.
If K(·,·) is continuous in the second variable, the right side of the inequality goes to zero
when  → 0+.
Since x(t) Bochner integrable, there is a continuous function f such that for any 1 > 0,
we have
ξ−α∫
ξ−β
∥∥x(s)− f (s)∥∥ds < 1
3
.
Therefore
ξ−α∫
ξ−β
∥∥x(s ± )− x(s)∥∥ds 
ξ−α∫
ξ−β
∥∥x(s ± )− f (s ± )∥∥ds
+
ξ−α∫
ξ−β
∥∥f (s ± )− f (s)∥∥ds +
ξ−α∫
ξ−β
∥∥f (s)− x(s)∥∥ds
< 1.
Thus, the function x(t) is strongly continuous for all t > 0. 
Corollary 1.5. Let X be a reflexive Banach space, then for each r > 0 fixed, the function
K(r, ·) is strongly continuous in (0,+∞).
Proof. In reflexive Banach spaces agrees the weak and weak topologies hence we apply
Proposition 1.2(c) and Theorem 1.4. 
The following theorem is a key result for the developing of next section.
Theorem 1.6. Let K(r, t) be a strongly continuous quasisemigroup on a Banach space X.
Then
(a) If x ∈ D(A(r + t)), then K(r, t)x ∈ D(A(r + t)) and
A(r + t)K(r, t)x = K(r, t)A(r + t)x.
(b) x ∈ D(A(t)) ⇐⇒ w − lim
s→0+
K(t, s)x − x
s
= w − lim
s→0+
K(t − s, s)x − x
s
= A(t)x (t > 0).
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K(r, t)x − x =
t∫
0
A(r + s)K(r, s)x ds, x ∈
⋂
t0
D
(
A(t)
)= D.
Proof. (a) If x ∈ D(A(r + t)), then for each s, t  0 fixed, and for x0 ∈ D(A(r + t)),〈
K(r, t)A(r + t)x, x0
〉= 〈(A(r + t)K(r, t))x, x0〉
= 〈x,A(r + t)K(r, t)x0〉= 〈x,K(r, t)A(r + t)x0〉
= 〈(K(r, t)A(r + t))x, x0〉= 〈A(r + t)K(r, t)x, x0〉.
Then,
K(r, t)x ∈ D(A(r + t)) and
A(r + t)K(r, t)x = K(r, t)A(r + t)x (x ∈ X).
(b) If x ∈ D(A(t)), then〈
K(t, s)x − x
s
, x0
〉
=
〈
(K(t, s)− I )x
s
, x0
〉
=
〈
x,
(K(t, s)− I )x0
s
〉
.
Taking limits when s → 0+,〈
lim
s→0+
K(t, s)x − x
s
, x0
〉
= 〈A(t)x, x0〉.
Thus,
lim
s→0+
K(t, s)x − x
s
= A(t)x.
Similarly is proven
lim
s→0+
K(t − s, s)x − x
s
= A(t)x (t > s > 0).
(c) As K(t, s) is a strongly continuous quasisemigroup with A(t) its generator, we have
K(t, s)x0 = x0 +
t∫
0
A(r + s)K(r, s)x0 ds.
Now, 〈 t∫
0
A(r + t)K(r, s)x ds, x0
〉
=
t∫
0
〈
x,A(r + s)K(r, s)x0
〉
ds
=
〈
x,
t∫
0
A(r + s)K(r, s)x0 ds
〉
= 〈K,K(r, t)x0 − x0〉= 〈K(r, t)x − x, x0〉.
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t∫
0
A(r + s)K(r, s)x ds = K(r, t)x − x. 
Proposition 1.7. Let K(t, s) a strongly continuous quasisemigroup of isometries on a
Hilbert space H. Then its generator A(t) is skew-symmetric.
2. Controllability
Consider the nonautonomous and unbounded system{
x˙(t) = A(t)x(t)+Bu(t), 0 t  T ,
x(0) = x0, (2.1)
where A(t) is the generator of a strongly continuous quasisemigroup K(t, s) on a Banach
space X, B ∈ L(U,X) where U is a Banach space and control u ∈ Lp(0, T ;U) (p > 1),
see [5]. Inspired in Theorem 1.6 and by analogy of semigroup of bounded lineal operators
[8] we introduce the following definition.
Definition 2.1. Let f ∈ Lp(0, T ;X), 1 p < ∞, x0 ∈ X, and K(r, t) is a strongly contin-
uous quasisemigroup. The function
x(t) = K(r, t)x0 +
t∫
0
K(r + s, t − s)f (s) ds, (2.2)
is defined to be the mild solution of{
x˙(t) = A(r + t)x(t)+ f (t) (0 < t  T ),
x(0) = x0 (x0 ∈ D) (2.3)
on [0, T ].
Definition 2.2. The system (2.1) is said to be exactly controllably in time T > 0, if for each
x0, x1 ∈ X there exists a control u ∈ Lp(0, T ;U) such that the mild solution x(·) of (2.1)
corresponding to u(·) verifies x(T ) = x1.
Now we consider the operator
GT :L
p(0, T ;U) → X
defined by
GT (u) =
T∫
0
K(s,T − s)Bu(s) ds.
It is easy to see that GT is a bounded linear operator and that (2.1) is exactly controllable
in time T if and only if GT in onto.
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RangeGT = X; and approximately controllable in free time if
G∞ =
⋃
T>0
GT Lp = X.
In what follows X and U are reflexive Banach spaces. This hypothesis allows the
strong continuity of K in (0,+∞), the reflexivity of Lp(0, T ;U), (1 < p < ∞), and
so [Lp(0, T ;U)] = Lq(0, T ;U) (1 <p,q < ∞) (1/p + 1/q = 1), see [6, p. 98].
Lemma 2.4. For each u ∈ Lp(0, T ;U) and each x ∈ X, 〈BK(·, T − ·)x, u〉 ∈
L1[0, T ].
Proof. Take a sequence (rn) of positive number decreasing to zero. For each n ∈ N
the truncation BK(·, T − ·)xχ[rn,T ] ∈ Lq(0, T ;U) = [Lp(0, T ;U)] and therefore
〈BK(·, T − ·)xχ[rn,T−·], u(·)〉 ∈ Lq(0, T ;U) for each n ∈N.
Now, observe that〈
BK(·, T − ·)xχ[rn,T−·], u
〉
converges to
〈
BK(·, T − ·)x, u〉
and is dominated by this function. 
Theorem 2.5. If u ∈ Lp(0, T ;U), (1 < p < ∞), then (2.1) is exactly controllable in time
T > 0 , if and only if there exists r > 0 such that
r
∥∥BK(·, T − ·)x∥∥
Lq
 ‖x‖, 1
p
+ 1
q
= 1, x ∈ X.
Proof. If we put W = Lp(0, T ;U), then GT ∈ L(W,X) and by [5, Theorem 3.3], we have
RangeGT = X ⇐⇒ ∃r > 0: r‖GT x‖ ‖x‖ (x ∈ X).
Lemma 2.4 allows us to compute GT . In fact, for x
 ∈ X and u ∈ L(0, T ;U) have that
〈
x,GT u
〉
X,X
=
〈
x,
T∫
0
K(s,T − s)Bu(s) ds
〉
X,X
=
T∫
0
〈
BK(s, T − s)x, u(s)〉ds
= 〈BK(·, T − ·)x, u(·)〉
W,W
.
Therefore,
GT x
 = BK(·, T − ·)
and the conclusion comes from [5, Theorem 3.3]. 
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BK(t, T − t)x = 0, 0 t  T 
⇒ x = 0.
Proof. According to the definition of approximate controllability, the system (2.1) is ap-
proximately controllable in time T > 0 if and only if RangeGT = X; which is equivalent
to GT :X
 → [Lp(0, T ;U)] be one to one [7, Lemma VI 2.8]. Since U is reflexive, we
obtain[
Lp(0, T ;U)] ∼= Lq(0, T ;U) ( 1
p
+ 1
q
= 1
)
.
Therefore,[
BK(·, T − ·)x = 0] a.e. 
⇒ x = 0.
i.e.,
BK(t, T − t)x = 0, 0 t  T 
⇒ x = 0. 
Theorem 2.7. The system (2.1) is approximately controllable in free time if and only if
BK(t, T − t)x = 0, ∀T > 0, 0 t  T 
⇒ x = 0.
Proof. If the system (2.1) is not approximately controllable in free time there is x ∈
X\⋃T>0 GT . By Hahn–Banach Theorem there is x ∈ X, x = 0 such that x(x) = 0
and
T∫
0
〈
x,BK(s,T − s)u(·)〉ds = 0, ∀u ∈ Lp(0, T ;U), ∀T > 0

⇒
T∫
0
〈
BK(s, T − s)x, u(·)〉ds = 0, ∀u ∈ Lp(0, T ;U), ∀T > 0

⇒ BK(t, T − t)x = 0 0 t  T .
For the other implication; we suppose x = 0, T > 0 and BK(t, T − t)x = 0 for some
t ∈ [0, T ]; necessarily, t > 0, and by the continuity of K on [0, T ], there is measurable
set E with Lebesgue measure m(E) > 0 such that BK(t, T − t) = 0 ∀t ∈ E.
So
T∫
0
〈
BK(t, T − t)x, u(t)〉dt =
〈
x,
T∫
0
K(t, T − t)u(t) dt
〉
= 0
∀u ∈ Lp(0, T ;U).
Therefore〈
x,GT u
〉= 0 ∀u ∈ Lp(0, T ;U)

⇒
〈
x,
⋃
GT u
〉
= 0, ∀u ∈ Lp(0, T ;U) 
⇒
⋃
T>0
GT = X. 
700 D. Bárcenas et al. / J. Math. Anal. Appl. 320 (2006) 691–7023. Application
In this section we shall consider a controlled time-dependent scalar diffusion equation
zt = a(t)zxx + b(x)u, t > 0, 0 < x < 1,
z(t,0) = z(t,1) = 0, (3.1)
where u ∈ L2[0, t1], t1 > 0 is the control function, a ∈ L1[0, t1], a(t) > 0, 0 t  t1 and
b ∈ L2[0,1] with
1∫
0
b(x) sin{nπx}dx = 0, n = 1,2,3, . . . . (3.2)
Proposition 3.1. Under the foregoing conditions the system (3.1) is approximately control-
lable on [0, t1].
Proof. Consider Z = L2[0,1] and the unbounded operator A :D(A) ⊂ Z → Z defined by
Aφ = φ′′, D(A) = H 10 ∩H 2.
It is well known that
−Aφ =
+∞∑
n=1
λn〈φn,φ〉φn,
where φn = sin(2π) and λn = n2π2.
So, the system can be written as an abstract controlled evolution equation
z′ = a(t)Az +Bu, t > 0,
where B :R→ Z is defined by Bu = bu and A is the infinitesimal generator of the follow-
ing strongly continuous semigroup {Tt }t0:
Ttz =
+∞∑
n=1
e−λntEnz,
where Enz = 〈φn, z〉 and {En}n1 is a family of orthogonal projection which is complete.
That is to say,
z =
+∞∑
n=1
Enz and ‖z‖2 =
+∞∑
n=1
‖Enz‖2.
The family of linear and bounded operators
K(t, s) = T(g(t+s)−g(t)) (t, s  0),
where g(t) = ∫ t0 a(s) ds is a strongly continuous quasisemigroup with generator A(t) =
a(t)A and D = D(A) which is a dense subspace in Z.
In order to prove the approximate controllability of the time-dependent system (3.1),
we shall apply Theorem 2.6. So, we need to check the following condition
BK(s, t − s)z = 0, ∀s ∈ [0, t1] 
⇒ z = 0.
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g(t1)− g(s) =
t1∫
0
a(u)du−
s∫
0
a(u)du =
t1∫
s
a(u) du = τ, s ∈ [0, t1],
we obtain
BT τ z
 = 0 ∀τ ∈ I,
where I is a nontrivial interval containing zero and B :Z →R is given by Bf = 〈b,f 〉.
Therefore,
BT τ z
 = 〈b(·), T τ z〉=
+∞∑
n=1
e−λnτ
〈
b(·),Enz
〉= 0.
From [5, Lemma 3.14] we obtain that〈
b(·),Enz
〉= 0, n = 1,2, . . . ,
i.e., 〈
φn, z

〉〈
b(·),φn
〉= 0, n = 1,2, . . . .
From condition (3.2) we have that
〈
b(·),φn
〉=
1∫
0
b(x) sin{nπx}dx = 0, n = 1,2, . . . .
Hence,〈
φn, z

〉= 0, ∀n = 1,2, . . . .
Since {φn} is a base for Z, then z = 0. 
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